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The problem of symmetric pressure of a plane circular stamp on an elastic haIf-space in 

the presence of adhesion between the stamp and support was considered in the paper by 

Mossakovakii [l]. Using the method of integral transforms, Mossakovskii reduces the 

solution of the problem to the mixed plane problem in potential theory for two analytic 

functions, which is then solved by reduction to a single linear problem. 

The more general problem of a rigid stamp, circoIar in plane of stamp in the elastic 

half-space in the presence of adhesion, was considered in the work of Ufliand [2 and 31. The 
problem here was solved in toroidal coordinates with the help of the Mehler-Fok integral 

transforma. 

In t&e present work we shall for simplicity, consider the axially symmetric problem of 

pressure of a rigid cross-section stamp of circular on an elastic half-space in the presence 

of adhesion. The problem is solved using a cylindrical coordinate system. The biharmonic 

stress functions of A. Love are sought in the form of Hankel integrals. The determination of 

arbitrary functions of integration is reduced to a system of two dual integral equations 

containing Bessel functions of the first kind. 

By application of Fourier transforms the solution of this system is reduced to 

Privalov’s boundary value problem and is expressed with the heIp of quadratures. The 

solution of the problem of contact of a circular stamp with adhesion but without axial 

symmetry may be obtained in an analogous way. 

1. Formulation of problem. We consider the problem of a circular stamp on an elastic 

half-space r > 0 in the presence of adhesion between the stamp and the foundation. We 

assume that on the circular region beneath the stamp the normal and transverse displace- 

ment is given. We assume that the remaining part of the surface of the half-space is, for 

simplicity, free of all external forces. 
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For the solution of the problem we use a cylindrical coordinate system. 

Boundary conditions for the problem will have the form 

02 (r, 0) = 0 

T,, (r, 0) = 0 1 (r > a), 
ur (r, 0) = fi (r) 
u.? (r, 0) = fa (r) 1 (r < a) (1.1) 

Here fr (r) and fr (r) are smooth functions defining the form of the surface of the stamp 

and the character of the contact. 

Apart from Equation (1.1) we also make use of the conditions of axial symmetry 

u, (0, z) = 0, Zrz (0, z) L 0 N<z<m) (1.2) 

We also assume that at infinity, points belonging to the half-space are stress- and 

strain-free. 

The biharmonic function of Love for this problem is taken in the form of Hankel 

integrals 
co 

cp (r, z) = \ h [A (h) + zB (h)] e-“*Jo+) c-0. 
I) 

(1.3) 

Here ji (x) are Bessel functions of the first kind with real argument ; functions A (X) 

and B (A) are subject to determination from the boundary conditions. 

Making use of the usual equations expressing stresses and displacements by means 

of the function cp (r, z), we will have 

ct, (P, z) = 1 [(‘l - 2~) B + hA -+ hzB] h3e-hzJo (hr) dh 
0 

G, (r, z) = 5 (AA - 2vB + hzB) hSe-)iZJ1 (hr) dh 
0 

& (r, z) = - f r [2 (1 
(1.4) 

- BY) B + hA + hzB] h2e-krJo (hr) dh 
0 

ur (r, z) = -$--r (LA - B + hzB) hae-AZJ1 (hr) dh 
0 

where p is the shear modalns and v is the Poisson’s ratio. 

Expression (1.4) identically satisfies condition (1.2). 

Meeting conditions (1.1) for the determination of the unknown functions A (A) and B(A) 

we obtain a system of two dual integral equations 

co 

s 
h(A*+B*)J,(hr)dh=O (r > a) (1.5) 

0 
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(r < a) 

co 

s &(A” - ctB*) J, (hr) dh = 0 
0 

co 
<- 
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(r > a) 

(1.6) 

) (A* - CtB”) 21 (nr) dh = F-2 (r) (r < t-6) 
0 

Here we nse the following notation 

(I- 2~) 3L2B (h) = B” (A), h3A (A) = A* (A), 
2V 

a== m (1.7) 

F, (F) = - $_&!I (r> - 3I3* (h) Jo (hr) d?+ 
0 

F2 (r) =: - 2~12 (r) + 1 B* (A) JI (JJ) dh 
0 

(1.8) 

2. Sortie of system of dual iateulpl exotic (1.5) pnd (1.6). Dual integral equation 

of the form (1.5) and (1.6) have been investigated by Titchmareh [4], Sneddon [S end 6], 

Akhiezer [7], Noble [8], Bnrlek [9] and others. 

The solution of these equations may be represented in the form 

(2.1) 

(2.2, 

Subtracting the aeoond equation from the first we get 
(2.31 

Substituting the expression (1.8) into the letter, results ia 

Be (A) = - ct;-2y) ijeosifdt~~ +I fr) dr 

0 
; (P- r$)% - 

a t 

- s sinItdt$- t 
ES 

fs PI dr 
- 0 o P - $)% 

(2.4) 

-2v) u 
t 03 

2 (1 - 
n {S 

cos ht dt $- 
s 

? dr 

0 
o P s 

’ R* (h) Jo (hr) dk + 
- pp o 

0 1 

+ ‘&nltdt-$ t 
!I 1s 

dr 
o OS - rs)” 5 B* (A) J1 (hr) dh]} 

0 0 
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Here the relation 1 +a = (1 - &)-I is also used. 

Changing the order of integration in the integral of the second term in the right-hand 

side of expression (2.4) and making use of the identities 

d ’ rJo (Er) dr 
f 

dt ” (p - rz)‘/2 s 
= cos it, sin Et (2.5) 

we obtain from (2.41, in order to determine B* (h), the integral equation 

Here 

B*(h) = yK(h---E)B* (E)G + cp (A) 
0 

(2.6) 

M=- 2 (I- 2Y) 

3x (2.7) 

8, (h) = - 4p y2v) {~cositdt -gi rfl (r) dr 

z, ” pa - r2)‘/t - 

a t 
a 

’ - 

I 

sin ht dt & t 
[! 

ja (r) ‘r 
o (t2 - 9) la 11 

0 

(2.8) 

Titchmarsh [4]. Rapoport [lo], Gakhov [11] and others have concerned themselves 

with the solution of equations of the form (2.6). The case of the system of such equations 

was considered by Krain and Gokhberg [12]. In their work, the integral equation under 

consideration was reduced to the problem of Privalov. In the solution of Equation (2.6) 

we shall use the results obtained by Rapoport. 

Since the kernel of integral equation (2.7) i.a an even function, then the transform 

of the Fourier kernel (2.7) is a real function, on account of which the index of integral 

equation (2.6) n = 0. At the same time, the integral equation has a unique solution in 

class t’ for any right-hand side cp (h) E La. 

Let us assume that B* (A) = cp (h) = 0 if ‘- oc < h < 0 and introduce the 

notation 

F (5) = & r B* (2,) eiXh& 
-co 

co 

G (z) = $=g 1 cp (h) eixh dh (2.9) 
-ca 

Then, from the solution of the corresponding Privalov problem it is easy to obtain, 

for the function F (x), the expression 

F (2) = G (2) [I -x (%)I + ’ ;$; G14’ 

where 



Symmetric pressure of (I circular stamp on an elastic half-space 177 

x(4 = ( xi:;;:: jJq.2.) = 1 3y4v* ;“I;” 
X a 

(2.11) 
P C%=z* p L= In (3 - 4v), r=r 5 -8v- 1/3-h 

2 (3 -4v) 

and the integral in equation (2.10) is taken ss its principal value in Cauchy’s sense. 

Making use now of the inverse Fonrier transform, from (2.9) to (2.11) we obtain, for 

the unknown function B* (x), 

II* (5) = cp (x) - - /- % G (t) e-i”’ dt + ’ ,i”;rI$4v [ v3T 4 i G (t) e&t&+ 
V 

--a -a 

-..-.-a 

+ 
1 - v-3-4v 

3-4v 
-a --(I 

This expression may be reduced to the form 

i3*(s)=q+)-4-;,;fsin;~y-Y)cp(y)dy+ 
0 (2.12) 

where we introduce the notation 

F(s,y)=-i 
(a + 2) (a - t) 1 ia 
(a-z)(u+ t) 

ei(ur-xtf dz dt = 

t-z 
-a -a 

a a 

= a -I) (a - t) 
$InI.+“)(n+I)-(tZ+YZ)]~ 

-a -0 

(2.13) 

Here also the values of the integrals in the right-hand side are taken as their principal 

values. 

In the special case when v = 0.5 or a = 0, from (2.12) we obtain 

On the other hand, if o -, = , then on basis of formula [4] 
co 

lim 1 
’ sin a (I - y) 

a-m2 * s s---Y 
a,(Y) dY = Q, (41 lim F (z, y) = 2dQ (y -z) 

-00 a-ecu 

and (2.12) yields 

The unknown function A* (A) is determined from Equation (2.1) with the help of 

(2.12). Finally. functions A (A) and R (A) are determined by the relations (1.7). 
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Making use of the obtained values for A (X) and R (X) we may, with the help of 

quadrature, determine the stress arising underneath the stamp. 

The system of two dual integral equation of the form (1.5) and (1.6) was also con- 

sidered in a recent paper by Szefer [13]. However, in investigating this system the author 

allowed some inaccuracies and reduced the solution to a system of two integro-differential 

equations, the solution of which is not given. 
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